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EXTENSION OF HURWITZ'S PROOF FOR THE TRANSCENDENCE 
OF e TO THE TRANSCENDENCE OF tt.* 

By Robebt E. Mobitz. 

To show that it is transcendental it is suiBcient to show that e cannot sat- 
isfy an equation of the form 

Co + e»' + e^ + + e«» = 0, [J.] 

where Co is an integer and the a's are associated algebraic numbers, that is, 
numbers which taken together constitute all the roots of some algebraic equa- 
tion with integral coefficients. 

For if TT were algebraic, so would iir be, that is, iir would satisfy an 
equation with integral coefficients, as 

a{x -pi) (x-pi) (35 -/)„) = 0, 

from which, since e*' = — 1, we should have 

(1 + e*^) d + e*^) (1 + el") = 1 + e'l + e'> + . . . . + e^r = 0. 

Here the o-'s are sums of p's and are hence roots of some equation with inte- 
gral coefficients. Of course the <r's may include zero values. Denote the <r's 
which do not vanish by ai, a^, . . . . «„. The last equation then assimies the 
form 

Co + e'l + e"* + + e^ = 0, 

in which Co — 1 represents the number of the <r's which have vanished. Co 
is therefore an integer and the a's are algebraic numbers, satisfying an equa- 
tion with integral coefficients, say 

aooj" + aia;»-i + + a„_iX + a„ = 0. (1) 

Hurwitz.t in his proof for the transcendence of e, defines a function i^(a;) 
by means of the equation 

F(x) = f(x) + f(x) + f'(x) + 

• This paper was read before the Chicago Section of the American Mathematical Society 
at the meeting of April 14, 1900. 

fJUath. Annalen, vol. 43 (1893), p. 220. 
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where y(a;) is an arbitrarily chosen integral rational function of x and the terms 
on the right hand side end with a constant term. The application of the law 
of the mean to the function e'" F{x) leads to the relation 

F(x) - e*i^(0) = - a;e(i-««/(^«), < ^ < 1. 

Let us denote the right hand member of the last equation by €„ and substitute 
successively for a; the values oj, oj, . . . . o„. "We get 

F{a,) - e^F(O) = €,., 
F(a^) - e-'F^O) = e,., 



F{a„) - e«» F(0) = €.^. 

"We now add these equations and obtain, on the assumption that the relation 
expressed by [^] exists, 

Co F(0) + i F(a,) =i €,^. [B] 

No restriction has been imposed upon f{x) except that it be integi-al and 
rational. We may then put 

f(^) = «r (p-ly. .§, <«*-*) "' 

in which 7; is a prime number and larger than the largest of the coeiBcients 
Go, tto, a„. But by substituting this polynomial for f{x) in [5] we are able 
to prove the following three lemmas :* 

n 

(1) e„j and hence, since n is constant, 2e. approaches the limit zero 
when J) increases indefinitely. '~^ 

For, e^ can be written in the fonn : 

[a»^a, n (a,-^a,)?-i 
e.,= [-«iea-''Ka»n^(«,-^aO] • %-\)\ ~ ' 

Each of these brackets remains finite, no matter what value 6 assumes between 
and 1. The second factor, therefore, approaches 0, when p = <x> . Hence 
€«, and likewise e^^, . . . e. , each approach zero as p is indefinitely increased. 



* These lemmas are modifications of similar ones used by Hurwitz, I. c, p. 221. 
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n 

(2) 2 F{ai) is an integer, divisible by p. To show this we compute 
separately the values of /(ai),/'(o,), .... in the expression 

i^(«0 =/(«,) +/(«!)+ 

The first p of these polynomials vanish, since the functions f(x),J''(x), . . . 
yTp-i>(a;) each contain (a^ — x) as a factor. The coefficients of the remaining 
polynomials J^p^ (x) , y^+D (a;) , . . . . are integral and divisible by pa^P . Hence 
F(ai) , and likewise each of the functions -^(02) , . . . -fCon) , contains the factor 

n 

pa^P. The expression 2 ■F(ai) is a symmetric function of the roots a^, a.^, . . 

• • o„ of equation (1), and is of the degree np — lin the a'a. It may then, 
because of the factor aj*?, be integrally expressed in terms of the integers 

n 

ao, tti . . . a„. That is, 2 -f («<) is an integer, and it is divisible byj?. 

(3) Co -^(0) ^ aw integer not divisible by p. For, y^^-^> (as) is the first of 
the polynomials f{x) , f(x) , . . . . that does not vanish for a; = ; the coeffi- 
cients of all of the subsequent polynomials, ytP) (as), /^P+i>(a;), .... are 
divisible by pa^P, and it follows as in the proof of (2) that the smn of these 
polynomials reduces, for x = 0, to an integer divisible by^. The value of 

j\p-^)(0) is a^P(ai Oj . . . a„)P = (- 1)"^ a^P-PaP, so that 

C, F(0) = (— 1)"P Co a^P-P aP + an integer divisible by p. 

p was chosen a prime greater than Co, ciq, a„, and hence the first term is an 
integer not divisible by p. 

From these three lemmas it appears that equation [2?] asserts that the 
sum of an integer not divisible by^ and another integer divisible by^ can be 
made small at will. This is absurd. The assumption that [-4] exists is there- 
fore false and consequently tt is transcendental. 

Tub UsiVKRSirY of Nbiiuaska, Feuruaiiy, 1900. 



